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Abstract. In this work, we apply the subtracted kernel method (SKM) to the chiral nucleon-nucleon (NN) interaction in
the 3P0 channel up to next-to-next-to-leading-order (NNLO). We demonstrate, by explicit numerical calculations, that the
SKM procedure is renormalization group invariant under the change of the subtraction scale provided the driving-term of the
subtracted scattering equation is evolved through a non-relativistic Callan-Symanzik (NRCS) flow-equation.
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INTRODUCTION
The standard approach to the non-perturbative renormalization of nucleon-nucleon (NN) interactions in the context of
chiral effective field theory (ChEFT) can be divided in two steps [1]. In the first step, one has to solve a regularized
Lippmann-Schwinger (LS) equation for the scattering amplitude by iterating the effective NN potential truncated at
a given order in the chiral expansion, which includes long-range contributions from pion-exchange interactions and
short-range contributions parametrized by nucleon contact interactions. The most common scheme used to regularize
the ultraviolet (UV) divergences in the LS equation is to introduce a sharp or smooth momentum cutoff that suppresses
the contributions from the potential matrix-elements for momenta larger than a given momentum cutoff scale (multi-
pion exchange interactions also involve UV divergent loop integrals which must be consistently regularized and
renormalized) [1, 2]. In the second step, one has to determine the strengths of the contact interactions, the so called
low-energy constants (LEC’s), by fitting a set of low-energy scattering data. Once the LEC’s are fixed at a given
momentum cutoff scale, the effective NN potential can be used to evaluate other observables. The NN interactions
can be considered properly renormalized when the predicted observables are (approximately) renormalization group
invariant (i.e., independent of the momentum cutoff scale) within the range of validity of ChEFT [2, 4].
An alternative approach to the non-perturbative renormalization of NN interactions is the subtracted kernel method
(SKM) [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15], which is based on recursive multiple subtractions performed in the kernel
of the scattering equation at a given energy scale. In this work, we apply the SKM to the chiral NN interaction in the
3P0 channel up to next-to-next-to-leading-order (NNLO) and demonstrate, by explicit numerical calculations, that the
SKM procedure is renormalization group invariant under the change of the subtraction scale provided the driving-term
of the subtracted scattering equation is evolved through a non-relativistic Callan-Symanzik (NRCS) flow-equation.
SKM APPROACH FOR THE NN SYSTEM
We start by considering the chiral expansion for the effective NN potential in Weinberg’s power counting scheme
(WPC) [1, 2]. In a partial-wave relative momentum space basis, the matrix-elements of the NN potential in the 3P0
channel up to NNLO are given by
V LO(p, p′) = V LO1pi (p, p
′) ,
VNLO(p, p′) = V LO(p, p′)+VNLO1pi (p, p
′)+VNLO2pi (p, p
′)+C1 p p′ ,
VNNLO(p, p′) = VNLO(p, p′)+VNNLO1pi (p, p
′)+VNNLO2pi (p, p
′) , (1)
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where the coefficient C1 stands for the strength of the NLO contact interaction in the 3P0 channel and an obvious
notation is used for the pion-exchange interactions.
The leading-order (LO) unprojected one-pion exchange potential (OPE) is given by
V LO1pi (~p,~p′) =−
g2a
4(2pi)3 f 2pi
~τ1 ·~τ2
~σ1 · (~p′−~p) ~σ2 · (~p′−~p)
(~p′−~p)2+m2pi
, (2)
where~τi and ~σi are the isospin and spin Pauli operators, ga, fpi and mpi denote, respectively, the axial coupling constant,
the pion weak-decay constant and the pion mass. The higher-order OPE terms include corrections from pion loops and
counter term insertions, which only contribute to the renormalization of coupling constants and masses. In this work,
we use ga = 1.25, fpi = 93 MeV and mpi = 138 MeV. The two-pion-exchange (TPE) potential is taken from Ref. [16].
Consider the LS equation for the T -matrix of a two-nucleon system, which can be written in operator form as
T (E) = V +V G+0 (E) T (E) , (3)
where E is the energy of the two-nucleon system in the center-of-mass frame, V is the effective NN potential and
G+0 (E) = (E −H0 + iε)−1 is the free Green’s function for the two-nucleon system with outgoing-wave boundary
conditions, given in terms of the free hamiltonian H0. Both pion-exchange and contact interaction terms can lead
to UV divergences when the effective NN potential V at a given order in the chiral expansion is iterated in the LS
equation, requiring a regularization and renormalization procedure in order to obtain well-defined finite solutions.
In the standard cutoff renormalization scheme the formal LS equation, Eq. (3), is regularized by multiplying the
effective NN potential V with a momentum cutoff regularizing function. The common choice is an exponential
f (p) = exp[−(p/Λ)2r)] (with r = 1,2, . . .), where Λ is a cutoff parameter, such that
V (p, p′)→VΛ(p, p′)≡ exp[−(p/Λ)2r)] V (p, p′) exp[−(p′/Λ)2r)] . (4)
In the SKM approach, a regularized and renormalized LS equation for the T -matrix at a given order in the chiral
expansion is computed through an iterative procedure which involves recursive multiple subtractions in kernel. For a
general number of subtractions n, we define a n-fold subtracted LS equation given in operator form by
T (E) =V (n)µ (E)+V
(n)
µ (E) G+n (E;−µ2) T (E) , (5)
where µ is the subtraction scale and E is the energy of the two-nucleon system in the center-of-mass frame. The n-fold
subtracted Green’s function is defined by
G+n (E;−µ2)≡
[
(−µ2−E) G+0 (−µ2)
]n
G+0 (E) , (6)
where G+0 (E) is the free Green’s function. Note that we choose a negative energy subtraction point −µ2, such that the
free Green’s function G+0 (−µ2) is real. For convenience, here we implement the SKM procedure using the K-matrix
instead of the T -matrix. The LS equation for the partial-wave K-matrix with n subtractions is given by
K(n)µ (p, p′;k2) =V
(n)
µ (p, p′;k2)+
2
pi
P
∫ ∞
0
dq q2
(
µ2+ k2
µ2+q2
)n V (n)µ (p,q;k2)
k2−q2 K
(n)
µ (q, p′;k2) , (7)
where k =
√
E is the on-shell momentum in the center-of-mass frame and P denotes the principal value. Note
that the n-fold subtracted Green’s function introduces an energy- and µ-dependent form factor in the kernel of the
subtracted LS equation that regularizes ultraviolet (UV) power divergences up to order q2n−1, effectively acting like a
smooth momentum cutoff regularizing function. The driving term V (n)µ at each order is computed through an iterative
procedure, starting from the ansatz for the leading-order (LO) driving term given by:
V (1)µ (p, p′;k2) =V LO1pi (p, p
′) . (8)
To obtain the next-to-leading-order (NLO) driving term, V (3)µ , we first calculate V¯ (2) from V (1),
V¯ (2)µ (p, p′;k2) =V
(1)
µ (p, p′;k2)− 2pi
∫ ∞
0
dq q2 V (1)µ (p,q;k2)
(µ2+ k2)1
(µ2+q2)2
V¯ (2)µ (q, p′;k2) . (9)
Then, we calculate V¯ (3) from V¯ (2),
V¯ (3)µ (p, p′;k2) = V¯
(2)
µ (p, p′;k2)− 2pi
∫ ∞
0
dq q2 V¯ (2)µ (p,q;k2)
(µ2+ k2)2
(µ2+q2)3
V¯ (3)µ (q, p′;k2) , (10)
and add the NLO interactions:
V (3)µ (p, p′;k2) = V¯
(3)
µ (p, p′;k2)+VNLO2pi (p, p
′)+C1(µ) p p′ . (11)
To obtain the next-to-next-to-leading-order (NNLO) driving term, V (4)µ , we first calculate V¯ (4) from V (3),
V¯ (4)µ (p, p′;k2) =V
(3)
µ (p, p′;k2)− 2pi
∫ ∞
0
dq q2 V (3)µ (p,q;k2)
(µ2+ k2)3
(µ2+q2)4
V¯ (4)µ (q, p′;k2) , (12)
and add the NNLO interactions:
V (4)µ (p, p′;k2) = V¯
(4)
µ (p, p′;k2)+VNNLO2pi (p, p
′) . (13)
One should note that in the WPC scheme only a TPE interaction is added at NNLO.
The renormalized strengths Ci(µ) of the contact interactions included in the driving term V
(n)
µ at each order in
the chiral expansion are fixed at the subtraction scale µ by fitting data for low-energy scattering observables, thus
encoding the input physical information. Instead of the usual matching of scattering data at discrete values of the on-
shell momentum k, we follow the procedure described by Steele and Furnstahl [17, 18], which is numerically much
more robust. Here, we use as “data" the values of the inverse on-shell K-matrix evaluated from the solution of the LS
equation with the Nijmegen-II potential [19], 1/KNIJ(k,k;k2), for a spread of very small momenta k (≤ 0.1 fm−1). We
evaluate the inverse on-shell K-matrix from the solution of the n-fold subtracted LS equation, 1/K(n)µ (k,k;k2), and fit
the difference ∆(kl+l′/K) = kl+l′/KNIJ−kl+l′/K(n)µ to an interpolating polynomial in k2/µ2 to highest possible degree:
∆
(
kl+l
′
K
)
=
kl+l
′
KNIJ(k,k;k2)
− k
l+l′
K(n)µ (k,k;k2)
= A0+A2
k2
µ2
+A4
k4
µ4
+ . . . . (14)
The coefficients Ai are then minimized with respect to the variations in the renormalized strengths Ci(µ). In the case
of the NN interaction in the 3P0 channel up to NNLO, we use Eq. (14) for n = 4 and l = l′ = 1, and minimize the
coefficient A0 with respect to the variations in the renormalized strength C1(µ).
RENORMALIZATION GROUP INVARIANCE IN THE SKM APPROACH
As pointed before, the multiple subtractions performed in the SKM procedure introduce a form factor in the kernel
of the LS equation which acts like a regularizing function, such that the subtraction scale µ ends up playing a role
similar to that of a smooth momentum cutoff scale. But the subtraction scale µ is arbitrary, and so the scattering
observables calculated from the solution of the subtracted LS equation for the scattering amplitude should not depend
on its particular choice. By requiring the fully off-shell K-matrix with n subtractions to be invariant under the change
of the subtraction scale µ , a renormalization group (RG) equation can be derived for the driving term V (n)µ (E) in the
form of a non-relativistic Callan-Symanzik (NRCS) flow equation [6], which is given in operator form by
∂V (n)µ (E)
∂µ2
=−V (n)µ (E) ∂G
+
n (E;−µ2)
∂µ2
V (n)µ (E) , (15)
with the boundary condition V (n)µ |µ→µ¯ =V (n)µ¯ imposed at some reference subtraction scale µ¯ where the renormalized
strengths of the contact interactions Ci(µ) are fixed to fit low-energy observables used as physical input.
In order to explicitly demonstrate the renormalization group invariance in the SKM approach, we consider the
evolution through the NRCS flow equation of the 3P0 channel driving term at NNLO. In a partial-wave relative
momentum space basis, the NRCS flow equation for the matrix-elements of the driving term V (n)µ is given by
∂V (n)µ (p, p′;k2)
∂µ2
=
2
pi
∫ ∞
0
dq q2
[
n
(µ2+ k2)n−1
(µ2+q2)n+1
]
V (n)µ (p,q;k2) V
(n)
µ (q, p′;k2) . (16)
We solve Eq. (16) numerically for n= 4, obtaining an exact (non-perturbative) solution for the evolved 3P0 channel
driving term V (4)µ . The relative momentum space is discretized on a grid of 200 gaussian integration points, leading to
a system of 200× 200 non-linear first-order coupled differential equations which is solved using an adaptative fifth-
order Runge-Kutta algorithm. In Fig. 1 we show the evolution of the diagonal matrix-elements (top panels) and the
off-diagonal matrix-elements (bottom panels) of the 3P0 channel driving term V
(4)
µ from a reference subtraction scale
µ¯ = 0.7 fm−1 to µ = 0.1 fm−1 for several values of ELAB.
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FIGURE 1. (Color on-line) Evolution through the NRCS equation of the 3P0 channel driving term V
(4)
µ at NNLO for several
values of ELAB. Top panels: diagonal matrix elements; Bottom panels: off-diagonal matrix-elements.
As shown in Fig. 2, the evolution of the driving term V (4)µ through the NRCS equation ensures that the phase-shifts
calculated from the solution of the LS equation for the 4-fold subtracted K-matrix remain invariant (except for relative
differences smaller than 10−12 due to numerical errors).
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FIGURE 2. (Color on-line) Phase-shifts in the 3P0 channel obtained with the driving term V
(4)
µ at NNLO evolved through the
NRCS equation. For comparison, we also show the phase-shifts obtained with V (4)µ¯ computed at the reference scale µ¯ (solid line).
SUMMARY AND CONCLUSIONS
In summary, we have demonstrated by explicit numerical calculations for the scattering of two-nucleons in the 3P0
channel that the SKM procedure applied to the chiral NN interactions up to NNLO is renormalization group invariant
under the change of the subtraction scale. Once the renormalized strength of the contact interaction is fixed at a
reference scale to fit the generalized scattering length, the subtraction scale can be changed by evolving the driving
term of the subtracted LS equation through a non-relativistic Callan-Symanzik (NRCS) flow equation, such that the
results for the calculated phase-shifts remain invariant. In this way, the sliding subtraction scale vanishes as a physical
parameter. The relevant scale parameter left in the theory is the reference scale where the boundary condition of the
NRCS equation is determined through the input of physical information.
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